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Instructions: 

1) This is a closed book, closed notes exam. Only 1 A4 size, double sided hand-written formula 

sheet is allowed. 

2) Show all the steps clearly. If I cannot interpret it, I cannot grade it. 

 

Q.1a) Consider a set of 𝑀 orthogonal signal waveforms 𝑠𝑚(𝑡), for 1 ≤ 𝑚 ≤ 𝑀 and 0 ≤ 𝑡 ≤ 𝑇, where 

each waveform has the same energy 𝐸. A new set of 𝑀 waveforms are defined as, 𝑠𝑚
′ (𝑡) = 𝑠𝑚(𝑡) −

1

𝑀
 ∑ 𝑠𝑖(𝑡)𝑀

𝑖=1 , 1 ≤ 𝑚 ≤ 𝑀 and 0 ≤ 𝑡 ≤ 𝑇. Find the energy of 𝑠𝑚
′ (𝑡), and the inner product between any 

two waveforms in the new set in terms of 𝐸 and 𝑀.                                                                           [6] 

 

Q.1b) Using the Gram-Schmidt orthogonalization procedure, find a set of orthonormal basis functions 

to represent the three signals 𝑠1(𝑡), 𝑠2(𝑡), and 𝑠3(𝑡) as shown in Fig.1. Express each of these signals in 

terms of the set of basis functions.                                                                                                      [6] 

                             
                                                                          Fig. 1 

 

Q.2a) A pair of noise processes 𝑛1(𝑡) and 𝑛2(𝑡) are related by 𝑛2(𝑡) = 𝑛1(𝑡) cos(2𝜋𝑓𝑐𝑡 + 𝜃) −

𝑛1(𝑡) sin(2𝜋𝑓𝑐𝑡 + 𝜃), where 𝑓𝑐 is constant, and 𝜃 is the value of random variable Θ whose probability 

density function is defined by 𝑓Θ(𝜃) = {
1

2 𝜋
, 0 ≤ 𝜃 ≤ 2𝜋

0,     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  
. The noise process 𝑛1(𝑡) is stationary and its 

power spectral density is shown in Fig. 2. Find and plot the corresponding power spectral density of 

𝑛2(𝑡).                                                                                                                                                      [8] 

                                         
                            Fig. 2                                                                                       Fig. 3 

 

 Q.2b) A stationary Gaussian process 𝑋(𝑡) with zero mean and power spectral density 𝑆𝑋(𝑓) is applied 

to a linear filter whose impulse response ℎ(𝑡) is shown in Fig. 3. A sample 𝑌 is taken of the random 

process at the filter output at time 𝑇. Find the mean, variance and probability density function of 𝑌.     [7]    
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Time: 90 min 

 



Q.3) A ternary communication system transmits one of the three equiprobable signals 𝑠(𝑡), 0, −𝑠(𝑡) 

every 𝑇 seconds. Correspondingly, the received signal is 𝑟(𝑡) = 𝑠(𝑡) + 𝑧(𝑡), 𝑟(𝑡) = 𝑧(𝑡),  or 𝑟(𝑡) =

 −𝑠(𝑡) + 𝑧(𝑡), where 𝑧(𝑡) is white Gaussian noise with 𝐸[𝑧(𝑡)] = 0 and 𝑅𝑧(𝜏) = 𝐸[𝑧(𝑡)𝑧∗(𝜏)] =

2𝑁𝑜𝛿(𝑡 − 𝜏). The optimum receiver computes the correlation metric 𝐶 = 𝑅𝑒[∫ 𝑟(𝑡)𝑠∗(𝑡)𝑑𝑡
𝑇

0
] and 

compares it with a threshold 𝐴 and a threshold – 𝐴. If 𝐶 > 𝐴, the decision is made that 𝑠(𝑡) was sent. If 

𝐶 < −𝐴, the decision is made in favor of −𝑠(𝑡). If −𝐴 < 𝐶 < 𝐴, the decision is made in favor of 0.  

a) Determine the three conditional probabilities of error: 𝑃𝑒 given that 𝑠(𝑡) was sent, 𝑃𝑒 given that 

−𝑠(𝑡) was sent, and 𝑃𝑒 given that 0 was sent.                                                                         [6] 

b) Determine the average probability of error 𝑃𝑒(𝑎𝑣𝑔) as a function of threshold 𝐴.                   [2] 

c) Determine the value of 𝐴 that minimizes 𝑃𝑒(𝑎𝑣𝑔).                                                                   [4] 

 

Q.4) Fig.4(a) shows a pair of pulses that are orthogonal to each other over the interval [0, 𝑇].  

a) Determine the matched filters and sketch their responses for pulses 𝑠1(𝑡) and 𝑠2(𝑡) considered 

individually.                                                                                                                             [3] 

b) Form a two-dimensional matched filter by connecting the two matched filters of Part(a) in 

parallel, as shown in Fig. 4(b). 

(i) Sketch the lower matched filter output, and determine its value at 𝑡 = 𝑇 when the pulse 

𝑠1(𝑡) is applied to the two-dimensional filter.                                                               [6] 

(ii) Sketch the upper matched filter output, and determine its value at 𝑡 = 𝑇 when the 

pulse 𝑠2(𝑡) is applied to the two-dimensional filter.                                                     [6] 

 

c) Prove that if a signal 𝑠(𝑡) is corrupted by AWGN, the filter response matched to 𝑠(𝑡) maximizes 

    the output SNR.                                                                                                                 [6] 

       
               Fig. 4(a)                                                                      Fig. 4(b) 
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