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Q1. State and prove the Euler’s theorem.             [4] 
 
Q2. Prove that 𝜙𝜙 is a multiplicative function.                  [6] 
 
Q3. Prove or disprove: 
 (a) The sum of two primitive roots modulo an odd prime p is a primitive root of p. 
 (b) If 𝑝𝑝 ≡ 3 (𝑚𝑚𝑚𝑚𝑚𝑚 8) is an odd prime and 𝑎𝑎 is a quadratic non residue of 𝑝𝑝 then 2𝑎𝑎 is a   
            quadratic residue of 𝑝𝑝. 
 (c) 17 is a quadratic residue of 33. 
 (d) For an odd positive integer 𝑎𝑎,     𝑎𝑎2𝑛𝑛 ≡ 1 (mod 2𝑛𝑛+2),     for  𝑛𝑛 ≥ 1.  
 (e) The only solution of 𝜙𝜙(𝑚𝑚𝑛𝑛) = 𝜙𝜙(𝑚𝑚) + 𝜙𝜙(𝑛𝑛), 𝑚𝑚,𝑛𝑛 ∈ ℕ are (2, 2), (3, 4) and (4, 3). 
 (f) The linear system 𝑥𝑥 ≡ 3 (mod 4), 𝑥𝑥 ≡ 4 (mod 5),   𝑥𝑥 ≡ 4 (mod 6) has unique solution   
            modulo 60.                   [3x6=18] 
 
Q4. State and prove the Euler’s criterion for a least positive residue modulo an odd prime p to be  
       a quadratic residue of p. Hence, conclude whether a primitive root modulo an odd prime p can  
       be a quadratic residue of p or not ?               [6] 
 
Q5. State and prove the Gauss’ lemma and use it to check whether 6 is a quadratic residue of 19 
       or not ?                         [6] 
 
Q6. Prove that a positive real number is rational iff it can be written as a finite simple continued  
  fraction.                       [5] 
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