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Q1. State and prove the division algorithm theorem.            [6] 
 
Q2.(a)  Determine all twin primes 𝑝𝑝 and 𝑞𝑞 = 𝑝𝑝 + 2 such that 𝑝𝑝𝑞𝑞 − 2 is also a prime.                [3] 
      (b)  Prove that there are infinite numbers of primes of the form 6𝑘𝑘 + 5 where 𝑘𝑘 is   
             positive integer. (Do not use Dirchlet’s theorem.)            [4] 
 
Q3. Prove that the GCD of two positive integers can be written as a linear combination of 

them with integer coefficients.                                      [5]  
   
 
Q4.      Let 𝛼𝛼,𝛽𝛽 be the roots of the quadratic equation 𝑥𝑥2 + 𝑚𝑚𝑥𝑥 − 1 = 0, where 𝑚𝑚 is an odd integer.   
           Let 𝜆𝜆𝑛𝑛 = 𝛼𝛼𝑛𝑛 + 𝛽𝛽𝑛𝑛 for   𝑛𝑛 ≥ 0. Prove that 𝜆𝜆𝑛𝑛 is an integer and (𝜆𝜆𝑛𝑛, 𝜆𝜆𝑛𝑛+1) = 1.        [5] 
 
Q5.(a)  Prove that (𝐹𝐹𝑚𝑚,𝐹𝐹𝑛𝑛) = 𝐹𝐹(𝑚𝑚,𝑛𝑛)  where  𝑚𝑚,𝑛𝑛 ∈ ℕ.           [4] 
 (b)  Derive Binet’s formula.              [3]         
 
Q6.  Prove that the linear diophantine equation (LDE) 𝑎𝑎𝑥𝑥 + 𝑏𝑏𝑏𝑏 = 𝑐𝑐 is solvable iff (𝑎𝑎, 𝑏𝑏)|𝑐𝑐. 

Also prove that if 𝑥𝑥0,𝑏𝑏0 is a particular solution of the above LDE then all solutions are 
given by 𝑥𝑥 = 𝑥𝑥0 + 𝑏𝑏

(𝑎𝑎,𝑏𝑏) 𝑡𝑡  and 𝑏𝑏 = 𝑏𝑏0 −
𝑎𝑎

(𝑎𝑎,𝑏𝑏) 𝑡𝑡, where 𝑡𝑡 is an arbitrary integer.         [5] 
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