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Instructions.

1. Calculators are allowed. Symbols have their usual meanings.

2. If multiple answers are written for the same question, only the first one will be graded.

3. Answer each question legibly, clearly and concisely. Illegible answers will not be graded.

Q1. Determine if the following congruence in x, y, z is solvable. If so, find the complete solution.

x3 + y3 + z3 ≡ 4 (mod 9). [4]

Q2. Find gcd(1947, 2023) and express it as a linear combination of 1947 and 2023. [8]

Q3. Let k, ` ∈ N. Use induction to prove that (k!× `!) divides (k + `)!. [9]

Q4. Let m ∈ N with m ≥ 2. Prove that
m∑
i=1

1

2i− 1

is not an integer. [9]

Q5. Let m,n ≥ 2. Prove that gcd(Fm, Fn) = Fgcd(m,n). [10]

Q6. Find the least positive integer x satisfying the following system of congruences.

x ≡ 13 (mod 16),

x ≡ 9 (mod 21),

x ≡ 19 (mod 25).

[10]

Q7. Let n ∈ N. Prove that if
4((n− 1)! + 1) + n ≡ 0 (mod n(n + 2)),

then (n, n + 2) is a twin prime pair. [10]

Q8. Find all positive integers n such that ϕ(n) = 2× 37. [10]
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