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Q.1. Find the limit and justify your steps 
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Q.2. Let 𝐸 ⊂ ℝ be a measurable subset with 𝑚(𝐸)  = 1 and let 𝑓 ∈ ℒଵ(𝐸) satisfies 

𝑓(𝑥) ≥ 𝑀 > 0 𝑎. 𝑒. 𝑜𝑛 𝐸, 
 
(a) Show that ℎ(𝑥) = ln 𝑓(𝑥), is a measurable function for 𝑓(𝑥) > 0. 
 
(b) Show that 𝑔(𝑡) = 𝑡 − 1 − ln 𝑡 has minima at t = 1. 
 
(c) Use (b) to show 1 − 1/𝑡 ≤ ln 𝑡 ≤ 𝑡 − 1. 
 
(d) Use (c) to show that ℎ ∈ ℒଵ(𝐸) and ‖ℎ‖ଵ ≤ ln(‖𝑓‖ଵ).                    [𝟐 + 𝟐 + 𝟑 + 𝟑 + 𝟓] 
 
 
Q.3. Prove or disprove the following: 
(a) There exist a non-measurable subset 𝐴 ⊂ ℝ such that the set 𝐵 = {𝑥 ∈ 𝐴: 𝑥 is irrational} 
is measurable. 
 
(b) There exist a non-measurable function 𝑓 ≥ 0, s.t. ඥ𝑓 is a measurable function. 

                     [𝟒 + 𝟒] 
 
 
Q.4. Compute total variation {𝑇 ଶ

ଶ (𝑓)}, positive variation {𝑃 ଶ
ଶ (𝑓)} and negative variation 

{𝑁ିଶ
ଶ (𝑓)} for the function 𝑓(𝑥) = 6𝑥ଶ − 4𝑥ଷ.                     [𝟗] 


