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Q1. Let 𝑔(𝑡, 𝑢) be a continuous function and satisfies Lipschitz condition in a closed and bounded region  

𝑅 = {(𝑡, 𝑢)||𝑡 − 𝑡0| ≤ 𝑎 and |𝑢 − 𝑢0| ≤ 𝑏}, then prove that there exist a unique solution 𝑢(𝑡) to the 

initial value problem 𝑢′ = 𝑔(𝑡, 𝑢), 𝑢(𝑡0) = 𝑢0 defined on the interval |𝑡 − 𝑡0| ≤ ℎ, where ℎ =
min(𝑎, 𝑏/𝑀) and |𝑔(𝑡, 𝑢)| ≤ 𝑀 on 𝑅.        [18] 

   

Q2. Let 𝑐 ≥ 0 be a constant and 𝑢(𝑡) ≥ 0, 𝑣(𝑡) ≥ 0, be continuous functions on some interval 
[𝑡0, 𝑡0 + 𝑎], 𝑎 > 0 satisfying 

𝑢(𝑡) ≤ 𝑐 + ∫ 𝑢(𝑠)𝑣(𝑠)𝑑𝑠,   𝑡 ∈ [𝑡0, 𝑡0 + 𝑎]

𝑡

𝑡0

. 

Then prove that the inequality  

𝑢(𝑡) ≤ 𝑐 exp ( ∫ 𝑣(𝑠)𝑑𝑠

𝑡

𝑡0

)     𝑡 ∈ [𝑡0, 𝑡0 + 𝑎]. 

holds.            [8] 

 

Q3. Find the fundamental matrix for the system        [12] 

𝐱′ = [
1 2 −3
1 1 2
1 −1 4

] 𝐱. 

 

Q4. Prove or disprove that for all the solutions 𝐱(𝑡) of the system 

  

𝐱′ = [
1 1 0
0 1 1

−10 −11 −5
] 𝐱. 

lim
𝑡→∞

‖𝐱(𝑡)‖ = 0.          [5] 

 

Q5. Let Φ be a fundamental matrix for the system 𝐱′ = 𝐀(𝑡)𝐱, where 𝐀(𝑡) is a continuous matrix and C 

is a constant nonsingular matrix. Prove that ΦC is also a fundamental matrix of the above system and 

further prove that any fundamental matrix of this system will be of the form ΦD, where D is a constant 

nonsingular matrix (The order of 𝐀, Φ, C, D are 𝑛).      [8] 

 

Q6. Using Picard’s iterative method, find first three (in addition to 𝐱𝟎 = (1, −1)) non-zero 

approximations to the IVP         [9] 

𝑥1
′ = 𝑡 + 𝑥2

𝑥2
′ = 𝑡 + 𝑥1

𝑥1(0) = 1,   𝑥2(0) = −1.
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