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Q1. Let g(t,u) and Z—i be continuous on R = {(t,u)||t — ty| < a and |u — uy| < b}, then prove that
g(t, w) satisfies Lipschitz condition on R. Is the converse true? Justify your answer. [8]

Q2. For an initial value problem (IVP), u' = g(t,u), u(ty) = uy, prove that
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where, u,, (t) is the Picard’s n™ iteration and u(t) is the exact solution of the I\VP. Furthermore,

lg(t,u)|] < M and L is Lipschitz constant for g(t,u) on R = {(t,u)||t — to| < aand |u — u,y| < b}. [9]

[u, (t) —u(t)] < ML" on [ty, ty + a, a>0,

Q3. Let £(t) be a continuous function and v(t) be a nonnegative continuous function on some interval
[to,to + a], a > 0. If a continuous function u(t) satisfies
t

u() <f()+ fu(s)v(s)ds, t € [to, to + al.
t
Then prove that the inequality ’
t

t
u(®) < f()+ ff(s)v(s) exp fv(r)dr ds, tE€ [ty ty+al.
to s

holds. [12]

Q4. Consider the IVP:
u' = t2u? +2ut, u(0) =2 =u,,

onR = {(t,u):0 <t <1,|u—2| <3}, then estimate the variation in its solution for 0 <
t<1
when 1 is perturbed by 0.01. [7]

Q5. Let @ be a fundamental matrix of the system x’ = A(t)x, where A(t) is a continuous square matrix
of order n, then prove that
W'(t) = (Trace A(t))W(0),
where, W (t) = det ®(t). [12]
Q6. Find the exponential matrix for the system
x' = [ 14 ]x
-1 -3

and hence find a fundamental matrix for the system y’ = [_i ;] y. [11]

Q7. Prove that for a system x' = A(t)x, where A(t) is a continuous square matrix of order n, a
fundamental system of solutions exist. [6]
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