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Q1. Let 𝑋 be a non-zero normed linear space. Then show that 𝑋 is a Banach space if and only if    

       the set 𝑆 = {𝑥 ∈ 𝑋: ‖𝑥‖ = 1} is complete.                                                                          [15] 

 

Q2. Let 𝑇 be a linear transformation from a Banach space 𝑋 into a Banach space 𝑌 such that    

       graph of 𝑇 is closed. Then show that 𝑇 is continuous.                                                         [15] 

 

Q3. Prove that for every 𝑥 in a normed linear space 𝑋,  

                     ‖𝑥‖ = sup
0≠𝑓∈𝑋∗

|𝑓(𝑥)|

‖𝑓‖
.  

       If 𝑥0 ∈ 𝑋 be such that |𝑓(𝑥0)| ≤ 𝑐 for all 𝑓 ∈ 𝑋∗ with ‖𝑓‖ = 1, then using the above result      

       show that   ‖𝑥0‖ ≤ 𝑐.                                                                                                 [10+5=15] 

 

Q4. Let (𝑥𝑛) be any sequence in an inner product space 𝑋 such that  

       ‖𝑥𝑛‖ → ‖𝑥‖ and 〈𝑥𝑛, 𝑥〉 → 〈𝑥, 𝑥〉, 𝑥 ∈ 𝑋. Then prove that 𝑥𝑛 → 𝑥.                                    [5] 

 

Q5. Let 𝑆 be any subset of a Hilbert space 𝐻. Then prove the following: 

(i) 𝑆⊥ =  𝑆⊥⊥⊥. 

(ii) 𝑆 ∩ 𝑆⊥ = {0}, if 𝑆 is a subspace of 𝐻.   
(iii)  𝐻⊥ = {0}    and 𝐻 = {0}⊥.                                                                    [5x4=20]                  
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