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Write the correct choice (A, B, C or D) in the following table. Each correct answer carries 3 marks and
incorrect answer —1 mark.

Q.No. | 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
ANS

1. LetE = {e;, ey, e3}beanorthonormal setin a Hilbert space H. Then which of the following is
true?
(A) lle; — ez —esll = 0. (B) lley—e;—esll =3
(C) lle; — e, — esll = /3. (D) None of the above

2. Let M be a closed subspace of a normed linear space X,and T: X — % be the natural mapping.
Then which of the following is true?
A)ITII<1 (B) T is discontinuous at zero
(C) T is continuous but not linear (D) None of the above

3. Which of the following is a true statement?
(A) I* and [ both are separable (B) I1 is separable but [ is not separable
(C) 1'is not separable but [ is separable (D) None of the above

4. LetT be abounded linear transformation from a normed linear space X onto a normed linear
space Y. If there is a positive real number b such that ||[Tx|| = b||x]|| forall x € X. Then which of
the following is true?
(A) T~ exists but T~ is not bounded (B) T~ does not exists
(C) T~ existsand T~ is bounded (D) None of the above

5. X be an infinite dimensional normed linear space, E = {xeX: ||x|| < 1} and
F = {xeX: ||x]| = 1}. Then which of the following is true?
(A) E and F both are not compact. (B) E and F both are compact.
(C) Eis compact but F is not compact (D) Fis compact but E is not compact

6. LetT be a continuous linear functional defined on a normed linear space X, and N(T) denotes

the null space of T. Then which of the following is true?
(A) N(T) is open (B) N(T) is closed
(C) N(T) is neither open nor closed (D) None of the above




7. Consider the following two statements:
S1: Every linear operator on a finite-dimensional normed linear space is continuous.
S2: Any two norms on a finite-dimensional normed linear space are equivalent.
Then which of the following is true?
(A) S1istrue and S2 is false (B) S1isfalseand S2is true
(C) S1andS2 both are false (D) S1andS2 both are true

8. LetT € B(H) be self adjoint. Then which of the following is true?
(A) (Tx,x)isrealforallx € H (B) (Tx,x)is purely imaginary for allx € H
(C) T isnot normal (D) None of the above

9. LetT € B(H) and K be an eigenvalue of T. Then which of the following is true?
(A) IK] > IT]| (B) K| =1
Q) IKI<ITIl (D) None of the above

10. Let Y be a subspace of an inner product space X. Let xeX satisfies ||x — y|| = [|x|| for all yeY.
Then which of the following is true?
(A) (x,y) > 1forall yeY (B) 0< (x,y)<1forall yeY
(C) (x,y)=1forall yeY (D) None of the above

11. Let T € B(H). Then which of the following is true?
(A) T*T is self adjoint and TT* is normal (B) T*T is not self adjoint and TT™* is normal
(C) T*T is self adjoint and TT™* is not normal (D) None of these

12. Let H be a complex Hilbert space and A € B(H) be a normal operator. Let r, = spectral radius
of A, R, = numerical radius of A. Then which of the following is true?
(A) 14 <Ry <Al (B) 14 =Ry < |lAll
(C) ry =R, = Al (D) None of the above

13. Let T € B(1?) be defined by T (xy, x5, X3, X4, ... .. ) = (0,xq, x5, X3, X4, e . ), and e(T) = set of
all eigenvalues of A. Then which of the following is true?
(A) e(T) = {1} (B) e(T) ={-1}
(C) e(T) ={1,-1} (D) None of the above

14. Let S be a subset of a Hilbert space H. Which of the following statements is FALSE?
(A) St =(5* (B) St is a closed subspace of H
(C) S*tis the smallest subspace of HcontainingS (D) None of these

15. Consider the following statements:
S1: Let T be linear transformation from a normed linear space X to a normed linear space Y, and
T be
continuous at x = 0. Then T need not be continuous at every point of X.
S2: Let Y be subspace of a normed linear space X, and dimY < oo. Then Y must be closed in X.
Then which of the following is true?
(A) S1istrue and S2is false (B) S1lisfalseand S2is true
(C) S1andS2 both are false (D) S1and S2 both are true
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1. LetT € B(I1?) be defined by T (x4, x5, X3, X4, ... ... ) = (0,x1,%x5,X3, X4, ce o ), and e(T) = set of
all eigenvalues of A. Then which of the following is true?
(A) e(T) = {1} (B) e(T) ={-1}
(C) e(T) ={1,-1} (D) None of the above

2. Let S be a subset of a Hilbert space H. Which of the following statements is FALSE?
(A) St =(S)* (B) St is a closed subspace of H
(C) S*Lis the smallest subspace of HcontainingS (D) None of these

3. Consider the following statements:
S1: Let T be linear transformation from a normed linear space X to a normed linear space Y, and
T be
continuous at x = 0. Then T need not be continuous at every point of X.
S2: Let Y be subspace of a normed linear space X, and dimY < oo. Then Y must be closed in X.
Then which of the following is true?
(A) S1istrue and S2 is false (B) S1isfalseand S2is true
(C) S1andS2 both are false (D) S1andS2 both are true

4. LetE = {e;, e;, e3}beanorthonormal setin a Hilbert space H . Then which of the following is

true?
(A) lleg — ey —e3]| = 0. (B) lley—e;—esll=3
(C) lley —ex —esll = V3. (D) None of the above

5. Let M be aclosed subspace of a normed linear space X,and T: X — % be the natural mapping.

Then which of the following is true?
(A)IITII <1 (B) T is discontinuous at zero

(C) T is continuous but not linear (D) None of the above



6. Which of the following is a true statement?
(A) ! and [® both are separable (B) I is separable but [ is not separable
(C) 1'is not separable but [* is separable (D) None of the above

7. LetT be a bounded linear transformation from a normed linear space X onto a normed linear
space Y. If there is a positive real number b such that ||[Tx|| = b||x]|| forall x € X. Then which of
the following is true?

(A) T~ exists but T~ is not bounded (B) T~ does not exists
(C) T~ existsand T~! is bounded (D) None of the above

8. X be an infinite dimensional normed linear space, E = {xeX: ||x|| < 1} and
F = {xeX: ||x|| = 1}. Then which of the following is true?
(A) E and F both are not compact. (B) E and F both are compact.
(C) Eis compact but F is not compact (D) Fis compact but E is not compact

9. LetT be acontinuous linear functional defined on a normed linear space X, and N(T) denotes
the null space of T. Then which of the following is true?
(A) N(T) is open (B) N(T) is closed
(C) N(T) is neither open nor closed (D) None of the above

10. Consider the following two statements:
S1: Every linear operator on a finite-dimensional normed linear space is continuous.
S2: Any two norms on a finite-dimensional normed linear space are equivalent.
Then which of the following is true?
(A) S1istrue and S2 is false (B) S1isfalseand S2is true
(C) S1and S2 both are false (D) S1and S2 both are true

11. Let T € B(H) be self adjoint. Then which of the following is true?
(A) (Tx,x)isreal forallx € H (B) (Tx,x)is purely imaginary for allx € H
(C) T is not normal (D) None of the above

12. Let T € B(H) and K be an eigenvalue of T. Then which of the following is true?
(A) IK| > IT]| (B) K| =1
Q) IKI<ITIl (D) None of the above

13. Let Y be a subspace of an inner product space X. Let xeX satisfies ||x — y|| = ||x]| for all yeY.
Then which of the following is true?
(A) {(x,y) > 1forall yeY (B) 0 < (x,y)<1forall yeY
(C) (x,y) =1 forall yeY (D) None of the above

14. Let T € B(H). Then which of the following is true?
(A) T*T is self adjoint and TT™ is normal (B) T*T is not self adjoint and TT* is normal
(C) T*T is self adjoint and TT* is not normal (D) None of these

15. Let Hbe complex Hilbert space and A € B(H) be a normal operator. Let 7, = spectral radius of
A, R4 = numerical radius of A. Then which of the following is true?
(A) 14 <Ry < |lAll (B) ma =Ry <|lAll
(C) ry =R, =lAll (D) None of the above
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Q1. Let T € B(H) be self adjoint operator and T = 0. Then show that range space of [ + T is closed. [5]

Q2. Let T € B(H) be a normal operator and Ker(T) = {0}. Then answer the following question?
(i) Is T* one-one? Justify your answer.
(ii) Prove that range space of T is dense in H. [3+5=8]

Q3. Let H be complex Hilbert space and U € B(H) be unitary. Let f: B(H) — B(H) be a linear operator
defined by f(T) = U*TU.Then show that f is an isometry. [ S € B(H) is said to be an isometry if
|[Sx|| = ||x|| for all x € H]. [4]

Q4. Let H = [? be a Hilbert space and T, T* € B(H) be defined by

T(xllx2)x3; ----- ) = (0) X1,X2, X3, o e )r
T* (X1, X5, X3, con one ) = (x2,X3,X4, cev or).
Then answer the following questions:
(i) Find e(T), the set of all eigenvalues of T.
(ii) Show that (Tx, Ty) = (x,y) forall x,y € H.
(iii) Show that 0 is an eigenvalue of TT* and find an eigenvector of TT™* corresponding to the
eigenvalue 0. [3x3=9]

Q5. Let H = R? be a real Hilbert Space and A € B(H). For x = (x4, x,), define Ax = (x5, —x;). Then
answer the following questions:
(i) Is A unitary? Is A normal? Justify your answer in each case.

(ii) Compute Ry and R 4+2 , where Ry- = numerical radius of A" [2%4=8]
Q6. Let H be a real Hilbert Space and y,z € H. Let T be a bounded linear operator defined by

T(x) ={(x,y)z, x € H.

Then show that (i) T is compact, and (i) T*(w) = (w, z)y. [3+4=7]
Q7. LetE = {ey, ey, ... ... , en} be an orthonormal set in a Hilbert space H.
Then prove or disprove: E is linearly independent. (4]



