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1. Let 𝐸 = {𝑒1, 𝑒2, 𝑒3} be an orthonormal set in a Hilbert space 𝐻.  Then which of the following is 
true?  
(A)  ‖𝑒1 − 𝑒2 − 𝑒3‖ = 0.                                                     (B)    ‖𝑒1 − 𝑒2 − 𝑒3‖ = 3 

        (C)  ‖𝑒1 − 𝑒2 − 𝑒3‖ = √3.                                                  (D)    None of the above 
 

2. Let 𝑀 be a closed subspace of a normed linear space 𝑋, and 𝑇: 𝑋 →
𝑋

𝑀
  be the natural mapping. 

Then which of the following is true?  

(A)  ‖𝑇‖ ≤ 1                                                                               (B) 𝑇 is discontinuous at zero 

(C)   𝑇 is continuous but not linear                                         (D)   None of the above  

3. Which of the following is a true statement? 
              (A)  𝑙1 and 𝑙∞ both are separable                                     (B) 𝑙1 is separable but  𝑙∞ is not separable                            
              (C)   𝑙1 is not separable but  𝑙∞ is separable                   (D)   None of the above  
 

4. Let 𝑇 be a bounded linear transformation from a normed linear space 𝑋 onto a normed linear 
space 𝑌. If there is a positive real number 𝑏 such that ‖𝑇𝑥‖ ≥ 𝑏‖𝑥‖  for all 𝑥 ∈ 𝑋. Then which of 
the following is true? 

              (A)  𝑇−1  exists but 𝑇−1 is not bounded                              (B) 𝑇−1  does not exists  
              (C)   𝑇−1  exists and 𝑇−1  is bounded                                   (D)   None of the above  
 

5. 𝑋 be an infinite dimensional normed linear space, 𝐸 = {𝑥𝜖𝑋: ‖𝑥‖ ≤ 1} 𝑎𝑛𝑑  
𝐹 = {𝑥𝜖𝑋: ‖𝑥‖ = 1}. Then which of the following is true?  
(A) E and F both are not compact.                                          (B)  E and F both are compact.   

       (C)  E is compact but F is not compact                                    (D)  F is compact but E is not compact 
 

6. Let 𝑇 be a continuous linear functional defined on a normed linear space 𝑋, and 𝑁(𝑇) denotes 
the null space of 𝑇. Then which of the following is true?  

       (A)  𝑁(𝑇) is open                                                             (B)  𝑁(𝑇) is closed 
       (C)   𝑁(𝑇) is neither open nor closed                          (D)    None of the above 

 



7. Consider the following two statements: 
              S1: Every linear operator on a finite-dimensional normed linear space is continuous. 
              S2: Any two norms on a finite-dimensional normed linear space are equivalent.  
             Then which of the following is true? 
             (A)  S1 is true and S2 is false                             (B)    S1 is false and  S2 is true                              
             (C)   S1 and S2 both are false                            (D)   S1 and S2 both are true 
 

8. Let 𝑇 ∈ 𝐵(𝐻) be self adjoint. Then which of the following is true? 
       (A)  〈𝑇𝑥, 𝑥〉 is real for all 𝑥 ∈ 𝐻                                     (B)  〈𝑇𝑥, 𝑥〉 is purely imaginary for all 𝑥 ∈ 𝐻  
       (C)   𝑇 is not normal                                                        (D)    None of the above 
 
9. Let 𝑇 ∈ 𝐵(𝐻) and 𝐾 be an eigenvalue of 𝑇. Then which of the following is true? 
       (A)  |𝐾| > ‖𝑇‖                                  (B)  |𝐾| = 1 
       (C)   |𝐾| ≤ ‖𝑇‖                                 (D)    None of the above 
 
10. Let 𝑌 be a subspace of an inner product space X. Let 𝑥𝜖𝑋 satisfies ‖𝑥 − 𝑦‖ ≥ ‖𝑥‖ for all 𝑦𝜖𝑌. 

Then which of the following is true?  
       (A)  〈𝑥, 𝑦〉 > 1 for all 𝑦𝜖𝑌                                                   (B)   0 <   〈𝑥, 𝑦〉 < 1 for all 𝑦𝜖𝑌 
       (C)   〈𝑥, 𝑦〉 = 1 for all 𝑦𝜖𝑌                                                  (D)    None of the above 
 
11. Let 𝑇 ∈ 𝐵(𝐻). Then which of the following is true? 

(A)  𝑇∗𝑇 is self adjoint and 𝑇𝑇∗ is normal                 (B)  𝑇∗𝑇 is not self adjoint and 𝑇𝑇∗ is normal 
       (C)  𝑇∗𝑇 is self adjoint and 𝑇𝑇∗ is not normal          (D)  None of these 

 
12. Let 𝐻 be a complex Hilbert space and  𝐴 ∈ 𝐵(𝐻) be a normal operator. Let  𝑟𝐴 = spectral radius 

of 𝐴,   𝑅𝐴 = numerical radius of 𝐴. Then which of the following is true? 
      (A)    𝑟𝐴 < 𝑅𝐴 ≤ ‖𝐴‖                                   (B)   𝑟𝐴 = 𝑅𝐴 < ‖𝐴‖ 
      (C)    𝑟𝐴 = 𝑅𝐴 = ‖𝐴‖                                   (D)    None of the above 

 
13. Let 𝑇 ∈ 𝐵(𝑙2) be defined by 𝑇(𝑥1, 𝑥2, 𝑥3, 𝑥4, … … ) = (0, 𝑥1, 𝑥2, 𝑥3, 𝑥4, … … ), and 𝑒(𝑇) = set of 

all eigenvalues of A. Then which of the following is true?  
       (A)  𝑒(𝑇) = {1}                                   (B)   𝑒(𝑇) = {−1} 
       (C)  𝑒(𝑇) = {1, −1}                            (D)    None of the above 
 
14. Let 𝑆 be a subset of a Hilbert space 𝐻. Which of the following statements is FALSE? 

(A)  𝑆⊥ = (𝑆̅)⊥                                                                      (B)  𝑆⊥ is a closed subspace of 𝐻 
       (C)    𝑆⊥⊥ is the smallest subspace of 𝐻containing S     (D)  None of these 

 
15. Consider the following statements: 

S1: Let 𝑇 be linear transformation from a normed linear space 𝑋 to a normed linear space 𝑌, and 
𝑇 be    
      continuous at 𝑥 = 0. Then 𝑇 need not be continuous at every point of 𝑋. 
S2: Let 𝑌 be subspace of a normed linear space 𝑋, and 𝑑𝑖𝑚𝑌 < ∞. Then 𝑌 must be closed in 𝑋. 

              Then which of the following is true? 
             (A)  S1 is true and S2 is false                             (B)    S1 is false and  S2 is true                              
             (C)   S1 and S2 both are false                            (D)   S1 and S2 both are true 
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1. Let 𝑇 ∈ 𝐵(𝑙2) be defined by 𝑇(𝑥1, 𝑥2, 𝑥3, 𝑥4, … … ) = (0, 𝑥1, 𝑥2, 𝑥3, 𝑥4, … … ), and 𝑒(𝑇) = set of 

all eigenvalues of A. Then which of the following is true?  
       (A)  𝑒(𝑇) = {1}                                   (B)   𝑒(𝑇) = {−1} 
       (C)  𝑒(𝑇) = {1, −1}                            (D)    None of the above 
 
2. Let 𝑆 be a subset of a Hilbert space 𝐻. Which of the following statements is FALSE? 

(A)  𝑆⊥ = (𝑆̅)⊥                                                                      (B)  𝑆⊥ is a closed subspace of 𝐻 
       (C)    𝑆⊥⊥ is the smallest subspace of 𝐻containing S     (D)  None of these 

 
3. Consider the following statements: 

S1: Let 𝑇 be linear transformation from a normed linear space 𝑋 to a normed linear space 𝑌, and 
𝑇 be   
      continuous at 𝑥 = 0. Then 𝑇 need not be continuous at every point of 𝑋. 
S2: Let 𝑌 be subspace of a normed linear space 𝑋, and 𝑑𝑖𝑚𝑌 < ∞. Then 𝑌 must be closed in 𝑋. 

              Then which of the following is true? 
             (A)  S1 is true and S2 is false                             (B)    S1 is false and  S2 is true                              
             (C)   S1 and S2 both are false                            (D)   S1 and S2 both are true 
 

4. Let 𝐸 = {𝑒1, 𝑒2, 𝑒3} be an orthonormal set in a Hilbert space 𝐻 .  Then which of the following is   
true?  
(A)  ‖𝑒1 − 𝑒2 − 𝑒3‖ = 0.                                                     (B)    ‖𝑒1 − 𝑒2 − 𝑒3‖ = 3 

        (C)  ‖𝑒1 − 𝑒2 − 𝑒3‖ = √3.                                                  (D)    None of the above 
 

5. Let 𝑀 be a closed subspace of a normed linear space 𝑋, and 𝑇: 𝑋 →
𝑋

𝑀
  be the natural mapping. 

Then which of the following is true?  

(A)  ‖𝑇‖ ≤ 1                                                                               (B) 𝑇 is discontinuous at zero 

(C)   𝑇 is continuous but not linear                                         (D)   None of the above  

 

 



6. Which of the following is a true statement? 
              (A)  𝑙1 and 𝑙∞ both are separable                                     (B) 𝑙1 is separable but  𝑙∞ is not separable                            
              (C)   𝑙1 is not separable but  𝑙∞ is separable                   (D)   None of the above  
 

7. Let 𝑇 be a bounded linear transformation from a normed linear space 𝑋 onto a normed linear 
space 𝑌. If there is a positive real number 𝑏 such that ‖𝑇𝑥‖ ≥ 𝑏‖𝑥‖  for all 𝑥 ∈ 𝑋. Then which of 
the following is true? 

              (A)  𝑇−1  exists but 𝑇−1 is not bounded                              (B) 𝑇−1  does not exists  
              (C)   𝑇−1  exists and 𝑇−1  is bounded                                   (D)   None of the above  
 

8. 𝑋 be an infinite dimensional normed linear space, 𝐸 = {𝑥𝜖𝑋: ‖𝑥‖ ≤ 1} 𝑎𝑛𝑑  
𝐹 = {𝑥𝜖𝑋: ‖𝑥‖ = 1}. Then which of the following is true?  

              (A)  E and F both are not compact.                                          (B)  E and F both are compact.   
       (C)  E is compact but F is not compact                                    (D)  F is compact but E is not compact 

 
9. Let 𝑇 be a continuous linear functional defined on a normed linear space 𝑋, and 𝑁(𝑇) denotes 

the null space of 𝑇. Then which of the following is true?  
       (A)  𝑁(𝑇) is open                                                             (B)  𝑁(𝑇) is closed 
       (C)   𝑁(𝑇) is neither open nor closed                          (D)    None of the above 

 
10. Consider the following two statements: 

              S1: Every linear operator on a finite-dimensional normed linear space is continuous. 
              S2: Any two norms on a finite-dimensional normed linear space are equivalent.  
             Then which of the following is true? 
             (A)  S1 is true and S2 is false                             (B)    S1 is false and  S2 is true                              
             (C)   S1 and S2 both are false                            (D)   S1 and S2 both are true 
 

11. Let 𝑇 ∈ 𝐵(𝐻) be self adjoint. Then which of the following is true? 
       (A)  〈𝑇𝑥, 𝑥〉 is real for all 𝑥 ∈ 𝐻                                     (B)  〈𝑇𝑥, 𝑥〉 is purely imaginary for all 𝑥 ∈ 𝐻  
       (C)   𝑇 is not normal                                                        (D)    None of the above 
 
12. Let 𝑇 ∈ 𝐵(𝐻) and 𝐾 be an eigenvalue of 𝑇. Then which of the following is true? 
       (A)  |𝐾| > ‖𝑇‖                                  (B)  |𝐾| = 1 
       (C)   |𝐾| ≤ ‖𝑇‖                                 (D)    None of the above 
 
13. Let 𝑌 be a subspace of an inner product space X. Let 𝑥𝜖𝑋 satisfies ‖𝑥 − 𝑦‖ ≥ ‖𝑥‖ for all 𝑦𝜖𝑌. 

Then which of the following is true?  
       (A)  〈𝑥, 𝑦〉 > 1 for all 𝑦𝜖𝑌                                                   (B)   0 <   〈𝑥, 𝑦〉 < 1 for all 𝑦𝜖𝑌 
       (C)   〈𝑥, 𝑦〉 = 1 for all 𝑦𝜖𝑌                                                  (D)    None of the above 
 
14. Let 𝑇 ∈ 𝐵(𝐻). Then which of the following is true? 

(A)  𝑇∗𝑇 is self adjoint and 𝑇𝑇∗ is normal                 (B)  𝑇∗𝑇 is not self adjoint and 𝑇𝑇∗ is normal 
       (C)  𝑇∗𝑇 is self adjoint and 𝑇𝑇∗ is not normal          (D)  None of these 

 
15. Let 𝐻be complex Hilbert space and  𝐴 ∈ 𝐵(𝐻) be a normal operator. Let  𝑟𝐴 = spectral radius of 

𝐴,   𝑅𝐴 = numerical radius of 𝐴. Then which of the following is true? 
      (A)    𝑟𝐴 < 𝑅𝐴 ≤ ‖𝐴‖                                   (B)   𝑟𝐴 = 𝑅𝐴 < ‖𝐴‖ 
      (C)    𝑟𝐴 = 𝑅𝐴 = ‖𝐴‖                                   (D)    None of the above 
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Q1. Let 𝑇 ∈ 𝐵(𝐻) be self adjoint operator and 𝑇 ≥ 0. Then show that range space of 𝐼 + 𝑇 is closed.   [5] 
 
Q2. Let 𝑇 ∈ 𝐵(𝐻) be a normal operator and 𝐾𝑒𝑟(𝑇) = {0}. Then answer the following question? 

(i) Is 𝑇∗ one-one? Justify your answer. 
(ii) Prove that range space of 𝑇 is dense in 𝐻.                                                                              [3+5=8] 

 
Q3. Let 𝐻 be complex Hilbert space and 𝑈 ∈ 𝐵(𝐻) be unitary. Let 𝑓: 𝐵(𝐻) → 𝐵(𝐻) be a linear operator       
       defined by   𝑓(𝑇) = 𝑈∗𝑇𝑈. Then show that 𝑓 is an isometry. [ 𝑆 ∈ 𝐵(𝐻) is said to be an isometry if     
        ‖𝑆𝑥‖ = ‖𝑥‖ for all 𝑥 ∈ 𝐻].                                                                                                                              [4] 
 
Q4. Let 𝐻 = 𝑙2 be a Hilbert space and 𝑇, 𝑇∗ ∈ 𝐵(𝐻) be defined by  

𝑇(𝑥1, 𝑥2, 𝑥3, … … ) = (0, 𝑥1, 𝑥2, 𝑥3, … … ), 
𝑇∗(𝑥1, 𝑥2, 𝑥3, … … ) = ( 𝑥2, 𝑥3, 𝑥4, … … ). 

       Then answer the following questions: 
(i) Find 𝑒(𝑇), the set of all eigenvalues of 𝑇.  
(ii) Show that 〈𝑇𝑥, 𝑇𝑦〉 = 〈𝑥, 𝑦〉 for all 𝑥, 𝑦 ∈ 𝐻. 
(iii) Show that 0 is an eigenvalue of 𝑇𝑇∗ and find an eigenvector of 𝑇𝑇∗ corresponding to the 

eigenvalue 0.                                                                                                                               [3×3=9] 
 
Q5. Let 𝐻 = ℝ2 be a real Hilbert Space and  𝐴 ∈  𝐵(𝐻).  For 𝑥 = (𝑥1,  𝑥2), define 𝐴𝑥 = (𝑥2, −𝑥1).  Then   
        answer the following questions: 

(i) Is 𝐴 unitary? Is 𝐴 normal? Justify your answer in each case.  

(ii) Compute  𝑅𝐴∗  𝑎𝑛𝑑 𝑅(𝐴∗)2  , where 𝑅𝐴∗ = numerical radius of 𝐴∗.                              [2×4=8]     

Q6. Let 𝐻 be a real Hilbert Space and 𝑦, 𝑧 ∈ 𝐻. Let 𝑇 be a bounded linear operator defined by  

 𝑇(𝑥) = 〈𝑥, 𝑦〉𝑧,    𝑥 ∈ 𝐻.  

         Then show that (i) 𝑇 is compact, and (ii) 𝑇∗(𝑤) = 〈𝑤, 𝑧〉𝑦.                                                             [3+4=7] 

Q7.  Let 𝐸 = {𝑒1, 𝑒2, … … , 𝑒𝑛} be an orthonormal set in a Hilbert space 𝐻.  
        Then prove or disprove: 𝐸 is linearly independent.                                                                                     [4] 
 

***END*** 

 


