Birla Institute of Technology and Science, Pilani
2nd Semester 2016-17
Differential Geometry (MATH F342)
Comprehensive Examination
Part | (Closed Book)

Max. Time :100 mins Max. Marks: 50

Instructions : 1) Use arrow notation on top of all vectors. 2) All notations used in
question paper are standard. 3) Explain all the steps.

applytnrg-iseperimetyic inequality to a suitable ellipse, show that
I?y cos“t+4sin tJ’p> (2\/2;9. y P
0

[6]

Let Uy = {(u,v) € R*:u®+ v? <1}, U, = {(0,9) € R* : 6 € (0,2m), ¢ € (0,m)} and
let 91 -Y1 > R3 and 92 'Yz = R3 be the surface patches c()f the unit sghere S=
{(x,y,2) € R® : x* +y® + z* = 1} defined by G, (uv) = u,v,V1-u® and

o, (0. ~ (sin¢ cos @, sin @ sin 8, cos ). Find the transition map from Oitg O

Justify your answer. [8]

> u v 2
Let 61, v) = (\/u2+v2+4 "VuZ+v2+4’ VuZ+v2+4
patch of a smooth surface S.
(A)Find a level surface f(x,y,z) = 0 containing Im(a).

(B) Find (uo, o) € R? such that ¢(ug, v,) = (— L _)_
(C) Find a basis for the tangent space to S at ( = —).

); (u, v) € R2 be a regular surface

(D) Find the standard surface normal to & at ( NELNEL \/1_) [2+3+4+2]

Letg : (—;,5) x (0, ™) = R3 be a regular surface patch given by (8, @) =
(cos @, sing,sin@). Let f : Im(3) - R3 be defined by f(x,y,2) = (le — 72,
yv1l-— Zz,z). Answer with justification the following :

(A) Find the 1% Fundamental forms of & and f o &

(B) Decide if f is an isometry of Im(g) with Im(f o &).

(C)Is f conformal?

(D) s f equiareal? [5+2+2+2]
Find the principal curvatures at an arbitrary point of the surface patch whose 1St

Fundamental form is (1 + v2)du? [ﬁ V] and 2" Fundamental Form is \/_2, (wv) €

(0,1) x (0,2m). Hence decide if is elliptic or hyperbolic or parabolic or planar.

[6]

Let (U,v) =((2+cosv)cosu, (2+cosv,v)sinu,sinv)0 <u<27,0<V<27p, 4 regular

surface patch. Find the 1%t Fundamental Form of & and hence the surface area of Im(&).

8]
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Lot 7(®) = (asin at, bsin t) a,b @

e R be a parametrized curve where are real constants with
abw # 0. show that Y is regular if and only if @ is not a ratio of odd*integers. [8]
2. Le*t 7(9) be a generalized helix with arc length parameter S and let 7 (8)=7'(s) Show that
7 (8)is acircle. [8]
3. Let 7(t) = (X(t)’ y(t), Z(t));t c(a.f) be a smooth unit speed curve such that ”ﬂt)” - 1for all
te(@ B) showthat 7" lies in the plane spanned by 7®and 7()x 7'(t). Hence show
that cu \}%(ﬁzre o\f@(t) ié(& en by K1) =1+ 3" where
JO=XM) y't)y z'(t)]
X'y 2'() -

4. Find a smooth function f () for 0<X<7/2gychthat T () >0V xe05/2) 34 for
' 2
any 0<X<7/2  the curvature of the curve ¥ = T 00 gt (% F00)js VI+ 007 g

Let (1) = (cost +2sint,cost - 2sint) t e R. Find the maximum vaﬁule ofthe curvature x(t) of
< JE—

7(t). Hence show that the curve ﬁ(t) = y(t) + Ang(t) is regular if V2 where ng(t) is

the signed unit normal of ¥(t) and A is constant. [8]




